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Recently Hiai–Petz (2009) [10] discussed a parametrized geometry
for positive deﬁnite matrices with a pull-back metric for a diffeo-
morphism to theEuclidean space. Though they also showed that the
geodesic is a path of operator means, their interest lies mainly in
metrics of the geometry. In this paper, we reconstruct their geome-
trywithoutmetrics and thenweshowtheirmetric for eachunitarily
invariant norm deﬁnes a Finsler one. Also we discuss another type
of geometry in Hiai and Petz (2009) [10] which is a generalization
of Corach–Porta–Recht’s (1993) one [3].
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let M (resp. M+) be the n × n (complex) matrices (resp. positive deﬁnite matrices). Throughout
this paper, a path γ (t) in M+ means a smooth curve for t ∈ [0, 1]. For A, B ∈ M+, the path of the
geometric operator means in the sense of Kubo–Ando [13] is deﬁned as
A #t B = A 12
(
A−
1
2 BA−
1
2
)t
A
1
2 ,
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which is included in the parametrized quasi-arithmetic operator means
A #r,t B =
⎧⎪⎨
⎪⎩A
1
2
(
1 − t + t
(
A− 12 BA− 12
)r) 1r
A
1
2 (r ∈ [−1, 0) ∪ (0, 1]),
A #t B (r = 0).
The geodesic in the CPR (Corach–Porta–Recht) geometry reviewed in the next section is A #t B
and the induced distance is related to the relative operator entropy [3,5,6]. Though we have tried
to parametrize it where the geodesic is A #r,t B, we cannot unfortunately. Recently Hiai and Petz
[10] introduced a new geometry parametrized by each real number r with a pull-back metric for a
diffeomorphism A → lnr A to the Euclidian space where
lnr(x) =
{
xr−1
r
(r /= 0),
log x (r = 0).
In this geometry, the geodesic is a chaotically quasi-arithmetic mean [7]
A mr,t B =
{
((1 − t)Ar + tBr) 1r (r ∈ [−1, 0) ∪ (0, 1]),
exp ((1 − t) log A + t log B) (r = 0).
The lattermean is called thechaotically geometric oneand it coincideswith limr→0((1 − t)Ar + tBr) 1r ,
see also [8]. Though the abovemeans do not havemonotonicity any longer for |r| > 1,we use the same
symbols for the sake of convenience in this paper.
Like the CPR geometry, we discuss an upper structure of their geometry and obtain the geodesic
as the autoparallel curve, that is, a unique solution γ of the geodesic differential equation ∇γ˙ γ˙ =
O, which does not depend on metrics. After this, we conﬁrm that the Hiai–Petz geometry has the
Finsler metric induced by each unitarily invariant norm and real number r. We also discuss another
parametrized geometry of CPR type introduced in [10, Theorem 3.3].
2. CPR geometry with unitarily invariant metric
To discuss the Hiai–Petz geometry, we precisely observe a geometric structure for ﬁber bundles
discussedbyCorach–Porta–Recht [3]. Here theCPRgeometry represents theoneon the Finslermanifold
A+, the positive invertible elements in a unital C∗-algebraA. Herewe review it for the case ofA = M,
the n × n matrices, cf. [4]: The base manifold is M+ with the tangent vector bundle Mh which can
be identiﬁed with the hermitian matrices in M. For the invertible elements G in M, they deﬁned the
principal ﬁber bundle P = {G,M+, U ,π} with the projection π(G) = GG∗ and the structure group
U , the unitary one of M. (Though P is identiﬁed with M+ × U as point sets, they are different as
differentiable manifolds.) This bundle has a natural connection: The horizontal space at G ∈ G is HG =
GMh and the vertical one is VG = {GX | X∗ = −X}. For a path γ (t) on M+, the horizontal lift Γ is
characterized by the transport equation Γ˙ = 1
2
γ˙ γ−1Γ , which is given by the lifting condition γ =
π(Γ ) = Γ Γ ∗ and the horizontality Γ˙ ∈ HΓ . Since G ∈ G acts naturally on X by GXG∗, the parallel
displacement of a tangent vector X along γ from 0 to t is (implicitly) expressed by
PtX
(
≡ P 0t X
)
= Γ (t)Γ (0)−1X(Γ (0)∗)−1Γ (t)∗.
So the covariant derivative ∇γ˙ of a tangent ﬁeld X(t) along the curve γ (t) in M+ is given by
∇γ˙ X ≡ lim
ε→0
P
t+ε
t X(t + ε) − X(t)
ε
= lim
ε→0
(Γ (t)Γ (t + ε)−1X(t + ε)(Γ (t + ε)∗)−1Γ (t)∗ − X(t))
ε
= Γ (t)(Γ (t)−1X(t)(Γ (t)∗)−1)′Γ (t)∗ = X˙ − 1
2
(γ˙ γ−1X + Xγ−1γ˙ ).
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Then the geodesic equation
O = ∇γ˙ γ˙ = γ¨ − γ˙ γ−1γ˙
implies that the geodesic from A to B is the path of the geometric Kubo–Ando means:
A#tB = A 12
(
A−
1
2 BA−
1
2
)t
A
1
2 .
Moreover they deﬁned the metric in the above manifold M+ by
L(X; A) = ‖X‖A = ‖A−1/2XA−1/2‖
at each point A ∈ M+. The norm ‖X‖A is equivalent to the operator norm ‖X‖, so that it is a Finsler
metric since the Finsler condition
L(PtX; γ (t)) = ‖PtX‖γ (t) = ‖X‖γ (0) = L(X; γ (0))
holds for all curves γ and the parallel displacement Pt along γ , cf. [14]. The CPR geometry does not
always determine a unique Finsler metric. In fact, we show each unitarily invariant norm ||| ||| also
gives a Finsler metric for the CPR geometry:
Theorem 2.1. For a unitarily invariant norm ||| ||| on M, a function
L||| |||(X; A) = |||X|||A = |||A−1/2XA−1/2|||
determines a Finsler metric on M+ for the CPR geometry.
Proof. Since Ut = γ (t)−1/2Γ (t) deﬁnes a unitary for each t by γ = Γ Γ ∗, we show the Finsler
condition by
|||PtX|||γ (t) = |||UtU∗0γ (0)−1/2Xγ (0)−1/2U0U∗t |||
= |||γ (0)−1/2Xγ (0)−1/2||| = |||X|||γ (0).
Clearly the norm L||| |||(X; A) of X is equivalent to |||X|||. 
A Finsler metric L||| |||(X; A), which is called a unitarily invariant Finsler one, is homogeneous like
L(X; A):
Theorem 2.2. For any invertible operator Y ,
L||| |||(Y∗XY; Y∗AY) = L||| |||(X; A).
Proof. Since |||Z||| = ||||Z|||| = |||√Z∗Z||| = |||√ZZ∗|||, we have
L||| |||(Y∗XY; Y∗AY) =
∣∣∣∣∣∣∣∣∣(Y∗AY)−1/2Y∗XY(Y∗AY)−1/2∣∣∣∣∣∣∣∣∣
=
∣∣∣∣
∣∣∣∣
∣∣∣∣
√
(Y∗AY)−1/2Y∗XY(Y∗AY)−1Y∗XY(Y∗AY)−1/2
∣∣∣∣
∣∣∣∣
∣∣∣∣
=
∣∣∣∣
∣∣∣∣
∣∣∣∣
√
(Y∗AY)−1/2Y∗XA−1XY(Y∗AY)−1/2
∣∣∣∣
∣∣∣∣
∣∣∣∣
=
∣∣∣∣
∣∣∣∣
∣∣∣∣
√
A−1/2XY(Y∗AY)−1Y∗XA−1/2
∣∣∣∣
∣∣∣∣
∣∣∣∣
=
∣∣∣∣∣∣∣∣∣√A−1/2XA−1XA−1/2∣∣∣∣∣∣∣∣∣ = ∣∣∣∣∣∣∣∣∣A−1/2XA−1/2∣∣∣∣∣∣∣∣∣
= L||| |||(X; A). 
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3. Hiai–Petz action
To see a structure for the Hiai–Petz geometry, we need a certain action ΦA on Mh assigned to
each A ∈ M+, which is introduced below. First we note the following key lemma in the Hiai–Petz
geometrywhich is expressed by theHadamard product◦. Though it is known in the theory of quantum
informationgeometry,wegive aproof for the reader’s convenience (see [9] for the inﬁnite-dimensional
version):
Basic Lemma. Let LA (resp. RA) be the multiplication operator from the left (resp. right) for a selfadjoint
matrix A. Then, for a continuous function φ(x, y),
φ(LA, RA)X = U ((φ(di, dj)) ◦ U∗XU)U∗.
for any diagonalization D = diag(di) = U∗AU for some unitary U.
Proof. In the case of a monomial φ(x, y) = xmyn, we have
φ(LA, RA)X = AmXAn = UDmU∗XUDnU∗ = U (LmD RnDU∗XU)U∗
= U
((
dmi d
n
j
)
◦ U∗XU
)
U∗
= U ((φ(di, dj)) ◦ U∗XU)U∗.
Approximating a general φ by polynomials, we have the required result. 
This lemma shows that the linear map
ΦA(X) = U((φ(di, dj)) ◦ U∗XU)U∗
is well-deﬁned for any diagonalization U∗AU and the inverse map is
Φ
−1
A (X) = U
((
1
φ(di, dj)
)
◦ U∗XU
)
U∗
ifφ(di, dj) /= 0 for all i, j. Letγ (t)be apathof selfadjointmatrices. Fromnowon,U (resp.Ut) is assumed
to be any unitary such thatU∗AU (resp.U∗t γ (t)Ut) is a diagonalmatrixD (resp.Dt)with entries dj (resp.
dj(t)). For a continuously differentiable function f , deﬁne
f [1](x, y) =
{
f (x)−f (y)
x−y (x /= y),
f ′(x) (x = y).
Then, putting fn(x) = xn, we have f [1]n (x, y) = x
n−yn
x−y =
∑n
k=1 xk−1yn−k (nxn−1 if x = y) and then
Ut
((
f [1]n (di(t), dj(t))
)
◦ U∗t γ˙ (t)Ut
)
U∗t = f [1]n (L, R)γ˙ (t) = (γ (t)n)′.
So, for general f , we have a well-known derivative formula, see [1, p. 124, 11, 6.6.30]:
df (γ (t))
dt
= Ut
((
f [1](di(t), dj(t))
)
◦ U∗t γ˙ (t)Ut
)
U∗t
(Note that f (γ (t)) is differentiable though each Ut is not always so).
Now we deﬁne the Hiai–Petz action by the extended logarithmic function lnr . Here we mention
that ln
[1]
0 (x, y) = 1/(x, y) where  is the logarithmic mean. Since ln[1]r (x, y) > 0 for all x, y > 0, we
deﬁne the invertible linear map
ΦA,r(X) ≡ ΦA,lnr (X) = U
((
ln[1]r (di, dj)
)
◦ U∗XU
)
U∗.
In this case, note that
Φγ(t),r(γ˙ (t)) =
{
1
r
(γ (t)r − 1)′ = 1
r
(γ (t)r)′ (r /= 0),
(log(γ (t)))′ (r = 0).
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For r ∈ [−1, 1], the function lnr is operator monotone and the Löwnermatrix
(
ln[1]r (di, dj)
)
is positive
semideﬁnite. In general, though it is not always positive semideﬁnite, it is selfadjoint and so isΦA,r(B)
for B ∈ M+. Moreover the map ΦA,r leaves Mh invariant.
This map is well-behaved under unitary conjugation:
Lemma 3.1. If V is a unitary matrix, then
ΦVAV∗ ,r(VXV
∗) = VΦA,r(X)V∗ and Φ−1VAV∗ ,r(VXV∗) = VΦ−1A,r (X)V∗.
Proof. Under diagonalization
D = U∗AU = U∗V∗(VAV∗)VU,
we have
ΦVAV∗ ,r(VXV
∗) = VU
((
ln[1]r (di, dj)
)
◦ U∗V∗(VXV∗)VU
)
U∗V∗
= VU
((
ln[1]r (di, dj)
)
◦ U∗XU
)
U∗V∗ = VΦA,r(X)V∗.
The latter formula follows immediately from this. 
4. Upper structure
Now we observe the upper structure, that is, the geometric structure of ﬁber bundles over the
manifold like the CPR geometry. For each real number r, consider the trivial principal bundle Pr =
M+ × U for M+ with the trivial projection π((A, V)) = A. We may deﬁne the parametrized action
Ψr((A, V))X = Φ−1A,r (VXV∗) of Pr on Mh, the associated tangent vector bundle of M+. In fact, the
vector bundlePr × Mh/ U associatedwithPr can be identiﬁedwithMh by the right action (A, V)W =
(A, VW)ofW ∈ U onπ−1(A) ⊂ Pr and the left actionρ(W)X = WXW∗ on the tangent spaceTAM+ =
Mh since
Ψr((A, V)W)ρ
−1(W)X = Ψr((A, VW))W∗XW = Φ−1A,r (VWW∗XWW∗V∗)
= Φ−1A,r (VXV∗) = Ψr((A, V))(X).
This identiﬁcation shows that we can determine the parallel displacement of tangent vectors along
the curve γ by the connection of Pr and a horizontal lift of γ as in the below, see also [12]. The
horizontality (hence connection) in the tangent space of Pr is naturally given by a common unitary
entry (it is called the canonical ﬂat connection). So the horizontal lift Γ of a path γ is Γ (t) = (γ (t), V)
for any ﬁxed V ∈ U . Recall that the notion of the connection of the principal bundle is equivalent to
that of covariant derivative (hence parallel displacement) of the associated vector bundle. So we give
the latter to obtain the geodesic for this connection. Since a tangent vector Y ∈ Mh also belongs to
the associated bundle Mh of Pr and
Ψr((A, V))
−1Y = V∗ΦA,r(Y)V ,
we have that the parallel displacement Pt = P 0t from 0 to t along a path γ of a tangent vector X on γ (0)
is obtained by
PtX = Ψr((γ (t), V))
(
Ψr((γ (0), V))
−1X
)
= Φ−1γ (t),r
(
VV∗Φγ(0),r(X)V∗V
)
= Φ−1γ (t),r(Φγ (0),r(X))
= Ut
[(
1
ln[1]r (di(t), dj(t))
)
◦ U∗t U0
((
ln[1]r (di(0), dj(0))
)
◦ U∗0XU0
)
U∗0Ut
]
U∗t .
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Then the covariant derivative for a vector ﬁeld X(t) is
∇γ˙ X = lim
ε→0
P
t+ε
t X(t + ε) − X(t)
ε
= lim
ε→0
Φ
−1
γ (t),r(Φγ (t+ε),r(X(t + ε))) − X(t)
ε
= Φ−1γ (t),r
(
lim
ε→0
Φγ(t+ε),r(X(t + ε)) − Φγ(t),r(X(t))
ε
)
= Φ−1γ (t),r
((
Φγ(t),r(X(t))
)′)
.
Let M+r be the manifold M+ with the principal bundle Pr and the actions above. Then we have
geodesics in M+r :
Theorem 4.1. The geodesic γ from A to B in M+r is Amr,tB.
Proof. Suppose r /= 0. Then the geodesic equation ∇γ˙ γ˙ = O implies
O = Φγ(t),r(∇γ˙ γ˙ ) =
(
Φγ(t),r(γ˙ (t))
)′ = 1
r
(
γ (t)r
) ′′.
So there exist a selfadjoint C1 and C2 ∈ M+ with γ (t)r = tC1 + C2. Since
Ar = γ (0)r = C2 and Br = γ (1)r = C1 + C2,
wehaveC2 = Ar andC1 = Br − Ar , so thatγ (t) = Amr,tB. For r = 0,wealsohaveγ (t) = exp ((1 − t)
log A + t log B) considering (log γ (t)) ′′ = O. 
Thus the Hiai–Petz geometry M+r has the above structure induced by Pr .
Remark 4.1. Note that the above geodesic Am1,tB (resp. Am−1,tB) is a path of the arithmetic (resp.
harmonic) means. For the case r = 1, we have ln1 x = x − 1. Thereby Φγ(t),1 is the identity map and
so is Pt , and hence the covariant derivative is the usual derivative, which is the case of the arithmetic
mean. Also, for r = −1,
ΦA,−1(X) = U
((
1
didj
)
◦ U∗XU
)
U∗ = UD−1U∗XUD−1U∗ = A−1XA−1
and hence
PtX = γ (t)γ (0)−1Xγ (0)−1γ (t)
and
∇γ˙ X = γ (γ−1Xγ−1)′γ = X˙ − γ˙ γ−1X − Xγ−1γ˙ ,
which is the case of the harmonic mean. It is not easy to obtain such an explicit formula for r = 0, the
case of the chaotically geometric mean m0,t .
Now we show the Hiai–Petz metric deﬁnes a Finsler one:
Theorem 4.2. For any unitarily invariant norm ||| |||, the norm of X ∈ Mh deﬁned as
Lr(X; A) ≡ Lr,||| |||(X; A) ≡ ∣∣∣∣∣∣ΦA,r(X)∣∣∣∣∣∣ = ∣∣∣∣∣∣∣∣∣(ln[1]r (di, dj)) ◦ U∗XU
∣∣∣∣∣∣∣∣∣
is a Finslermetric, that is, it is equivalent to the original norm and satisﬁes the Finsler condition Lr(X; γ (0))= Lr(PtX; γ (t)) for all path γ.
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Proof. The equivalence for norms is clear since the space is ﬁnite dimensional. The relation
Φγ(t),r(PtX) = Φγ(t),r
(
Φ
−1
γ (t),r(Φγ (0),r(X))
)
= Φγ(0),r(X)
implies that Lr(X; A) satisﬁes the Finsler condition. 
Remark 4.2. By the above proof, we can also show that the norm deﬁned as ‖ΦA,r(X)‖ (which is not
equal to ‖
(
ln[1]r (di, dj)
)
◦ U∗XU‖ in general) for any norm ‖ ‖ deﬁnes a Finsler metric.
Here we observe that this Finsler metric is not homogeneous in the preceding sense, but it is
invariant under unitary conjugation. This follows immediately from Lemma 3.1.
Theorem 4.3. For any unitarily invariant norm ||| |||, if V is a unitary, then
Lr(VXV
∗; VAV∗) = Lr(X; A).
5. CPR type geometry
Finally,wediscuss structure of anotherHiai–Petz parametrized geometry forα > 0 in [10, Theorem
3.3] whose geodesic is (Aα #t B
α)
1
α , which is a generalization of the CPR geometry and the Bhatia-
Holbrook one [2].
Let P[α] = {G,M+, U ,π[α]} be a principal bundle where π[α](G) = (GG∗) 1α with a natural right
actionofV ∈ U : G → GV . Like theCPRgeometry, the connection isdeﬁnedby thehorizontal subspace
{GY |Y = Y∗} of the tangent space TGG. Let Γ be a horizontal lift of a path γ . Then the horizontality
shows Γ −1Γ˙ = (Γ −1Γ˙ )∗ = Γ˙ ∗(Γ ∗)−1. Since γ = π[α](Γ ) = (Γ Γ ∗) 1α , we have
(γ α)′γ−α = (Γ˙ Γ ∗ + Γ Γ˙ ∗)(Γ Γ ∗)−1 = Γ˙ Γ −1 + Γ Γ˙ ∗(Γ ∗)−1Γ −1
= Γ˙ Γ −1 + Γ Γ −1Γ˙ Γ −1 = 2Γ˙ Γ −1,
so that we have the transport equation which deﬁnes Γ : Γ˙ = 1
2
(γ α)′γ−αΓ . Based on an action by
each function fα(x) = xα
ΦA(X) ≡ Φ[α]A (X) = U
[(
f [1]α (di, dj)
)
◦ U∗XU
]
U∗
for a diagonalization U∗AU = D = diag(dj), we deﬁne an action of G on the tangent vector X at A by
Θ(G)X ≡ Θα(G)X = Φ−1A (GXG∗)
and consequently the inverse action is
Θ(G)−1X = G−1ΦA(X)(G∗)−1
(Note that this action induces the identiﬁcation between the associated bundle P[α] × Mh/U and the
tangent bundleMh by the natural left action ρ(V)X = VXV∗ of V ∈ U on the tangent vector X at A. So
we can discuss the parallel displacement of X from the structure ofP[α].) Then the parallel displacement
(from 0 to t) of the tangent vector ﬁeld X along γ is
PtX ≡ P 0t X(t) = Θ(Γ (t))(Θ(Γ (0))−1X(0))
= Φ−1γ (t)
(
Γ (t)Γ (0)−1Φγ(0)(X(0))(Γ (0)∗)−1Γ (t)∗
)
and hence the covariant derivative is obtained by
∇γ˙ X = lim
ε→0
P
t+ε
t X(t + ε) − X(t)
ε
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= Θ(Γ (t))
(
[Θ(Γ (t))−1(X(t))]′
)
= Φ−1γ
(
Γ (t)
[
Γ (t)−1Φγ (X(t))(Γ (t)∗)−1
]′
Γ (t)∗
)
= Φ−1γ
(
(Φγ (X))
′ − Γ˙ Γ −1Φγ (X) − Φγ (X)(Γ ∗)−1Γ˙ ∗
)
= Φ−1γ
(
(Φγ (X))
′ − (γ
α)′γ−αΦγ (X) + Φγ (X)γ−α(γ α)′
2
)
.
Therefore we have the geodesic equation
(γ α)′′ = (γ α)′γ−α(γ α)′
because Φγ (γ˙ ) = (γ α)′ and ∇γ˙ γ˙ = O. Putting
f (t) = γ (0)−α/2γ (t)αγ (0)−α/2
for a path γ from A to B, we have
f (0) = I, f (1) = A−α/2BαA−α/2 and f ′ = f ′f−1f ′.
The CPR theory shows that f (t) = (A−α/2BαA−α/2)t and consequently the geodesic is given by
γ (t)α = Aα/2(A−α/2BαA−α/2)tAα/2 = Aα #t Bα.
For each unitarily invariant norm ||| |||, deﬁne a metric
L(X; A) ≡ L[α](X; A) = 1
α
|||A− α2 ΦA(X)A− α2 |||.
Then the unitary invariance shows that
L(X; A) = 1
α
∣∣∣∣∣∣∣∣∣U∗A− α2 U [(f [1]α (di, dj)) ◦ U∗XU]U∗A− α2 U
∣∣∣∣∣∣∣∣∣
= 1
α
∣∣∣∣∣∣∣∣∣D− α2 [(f [1]α (di, dj)) ◦ U∗XU]D− α2
∣∣∣∣∣∣∣∣∣
= 1
α
∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
⎛
⎜⎝ f [1]α (di, dj)
d
α
2
i d
α
2
j
⎞
⎟⎠ ◦ U∗XU
∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ ,
which is the Hiai–Petz metric in [10, Theorem 3.3]. Noting the matrix
V = γ (t)− α2 Γ (t)Γ (0)−1γ (0) α2
being unitary and the relation
Φγ(t)(PtX) = Γ (t)Γ (0)−1Φγ(0)(X)(Γ (0)∗)−1Γ (t)∗,
we have it is a Finsler one:
αL(PtX; γ (t)) = |||γ (t)− α2 Φγ(t)(PtX)γ (t)− α2 |||
= |||γ (t)− α2 Γ (t)Γ (0)−1Φγ(0)(X)(Γ (0)∗)−1Γ (t)∗γ (t)− α2 |||
= |||Vγ (0)− α2 Φγ(0)(X)γ (0)− α2 V∗||| = αL(X; γ (0)).
Thus we summarize the above facts:
Theorem 5.1. In the above setting, the principal bundle P[α] = {G,M+, U ,π[α]} for α > 0 deﬁnes a
Finsler structure of M+ where the geodesic from A to B is γ (t) = (Aα #t Bα) 1α and each metric
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L(X; A) = 1
α
|||A− α2 ΦA(X)A− α2 |||
is a Finsler metric for each unitarily invariant norm ||| |||.
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